Eigenfunctions on a Riemannian symmetric space of the noncompact type with $L^p$-boundary value (Representations of noncomutative algebraic systems and harmonic analysis) by Said, Salem Ben et al.
Title
Eigenfunctions on a Riemannian symmetric space of the
noncompact type with $L^p$-boundary value (Representations
of noncomutative algebraic systems and harmonic analysis)
Author(s)Said, Salem Ben; 大島, 利雄; 示野, 信一




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Eigenfunctions on a Riemannian symmetric space of









hyperfunction Poisson . . [8]
.
1.1
$G$ Lie , $K$ .
$G/K$ Riemann . $G=KAN$ , $g\in G$
$H(g)\in a=\mathrm{L}\mathrm{i}\mathrm{e}(A)$ $g\in K\exp H(g)N$ .
,
$G=SU(1,1)=\{(_{\overline{\beta}}^{\alpha}$ $\beta\overline{\alpha})$ : $|\alpha|^{2}-|\beta|^{2}=1\}$
$K=SO(2)=\{(\begin{array}{ll}\alpha 00 \overline{\alpha}\end{array})$ : $|\alpha|=1\}$
$G/K\simeq\{z\in \mathbb{C} : |z|<1\}$
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$A=\{(\begin{array}{ll}\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h}t \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h}t\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h}t \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h}t\end{array})$ : $t\in \mathbb{R}\}$
$N=\{(\begin{array}{ll}1+ix -ixix 1-ix\end{array})$ : $x\in \mathbb{R}\}$
$a=\mathbb{R}(\begin{array}{ll}0 1\mathrm{l} 0\end{array})$
.
$M=Z_{K}(a)$ $P=MAN$ $G$ $G/P\simeq K/M$
$G/K$ . $G=SU(1,1)$ , $G/P\simeq\{z\in \mathbb{C} : |z|=1\}$ .
$\Sigma=\Sigma(\mathfrak{g}, a)$ , $W$ Weyl , $\Sigma^{+}$ , $\rho$
.
1.2 Poisson
\lambda \in a .
$B_{\lambda}(G/P)=$ {$f\in B(G)$ : $f$ (gman) $=a^{\lambda-\rho}f(g)$ $\forall g\in G,$ $m\in M,$ $a\in A,$ $n\in N$}
. $B(G)$ $G$ hyperfunction ( ) . $K$
$B_{\lambda}(G/P)\simeq B(K/M)$ . Poisson $P_{\lambda}$
$P_{\lambda}f(gK)= \int_{K}f(gk)dk$ , $f\in B_{\lambda}(G/P)$
( $dk$ $K$ ). ,
$P_{\lambda}f(gK)= \int_{K}f(k)e^{-\langle\lambda+\rho,H(g^{-1}k)\rangle}dk$
. $P_{\lambda}(gK, kM)=e^{-\langle\lambda+\rho,H(g^{-1}k)\rangle}$ Poisson $\mathrm{A}\backslash$ . 1 Poisson
$\varphi_{\lambda}(gK)=\int_{K}e^{-\langle\lambda+\rho,H(g^{-1}k)\rangle}dk$
.
$\mathrm{D}(G/K)$ $G/K$ $G$ . $a_{\mathbb{C}}$ symmetric
algebra $S(a)$ $W$ $S(a)^{W}$ , Harish-Chandra
$\gamma$ : $\mathrm{D}(G/K)\simeq S(a)^{W}$
. ( , $\mathrm{D}(G/K)$ $\mathbb{C}$ algebra homomorphism I \lambda \in aC*{ ,
$\chi_{\lambda}(D)=\gamma(D)(\lambda)$ , $D\in \mathrm{D}(G/K)$
94
. $\chi_{w\lambda}=\chi_{\lambda}(w\in W)$ .
$A_{\lambda}(G/K)=\{F\in A(G/K) : DF=\chi_{\lambda}(D)F, \forall_{D}\in \mathrm{D}(G/K)\}$
. $A(G/K)$ $G/K$ . ${\rm Im} P_{\lambda}\subset A_{\lambda}(G/K)$
.
$G=S(1,1)$ , $T$ $f$ ,
$P_{\lambda}f(z)= \int_{T}f(t)(\frac{1-|z|^{2}}{|t-z|^{2}})2dt\underline{\lambda}\pm\underline{1}$











, $P_{\lambda}$ $B_{\lambda}(G/P)$ $A_{\lambda}(G/K)$ .
$\langle{\rm Re}\lambda, \alpha\rangle\geq 0$
$\forall_{\alpha\in\Sigma^{+}}$





$W_{\lambda}=\{w\in W : w\lambda=\lambda\}$ , $W_{\lambda}^{R}=\{w\in W : w{\rm Re}\lambda={\rm Re}\lambda\}$
95
. \lambda \in a .
$\langle{\rm Re}\lambda, \alpha\rangle\geq 0$
$\forall_{\alpha\in\Sigma^{+}}$ , (1)
$W_{\lambda}=W_{\lambda}^{R}$ . (2)




$\Sigma_{\lambda}^{+}=\{\alpha\in\Sigma^{+} : \langle\lambda, \alpha\rangle=0\}$
. (1) $+(2)$ .
$\langle{\rm Re}\lambda, \alpha\rangle>0$ $\forall_{\alpha\in\Sigma^{+}\backslash \Sigma_{\lambda}^{+}}$ .
2.2




$( \log a)=\prod_{\alpha\in\Sigma_{\lambda}^{+}}\alpha(\log a)$
.
$\varphi_{\lambda}(a)\sim c_{0}(\lambda)\square _{\lambda}(\log a)a^{\lambda-\rho}$
.








, . [1] , (3) [4] .
22 ( 2.2(i) .
2.1
$\int_{K/M}Q_{\lambda}(gK, kM)dk=1$ ,
$\lim_{aarrow\infty}\int_{K/M}|Q_{\lambda}(aK, kM)|dk=\frac{c_{0}({\rm Re}\lambda)}{|c_{0}(\lambda)|}$ ,






(i) $f\in \mathrm{C}(K/M)$ .
(ii) $f\in L^{p}(K/M)(1\leq p<\infty)$ $L^{p}$ .
(iii) $f\in L^{\infty}(K/M)$ , $L^{1}(K)$ weak’ topology .
(iv) $f\in \mathrm{C}^{*}(K/M)$ ( $K/M$ finite.regular signed measure) , $\mathrm{C}(K)$
weak’ topology .
(v) $f\in F(K/M)$ , $F(K)$ . , $F$ $B,$ $D’,$ $\mathrm{C}^{\infty}$ ,
$\mathrm{C}^{m}(m\geq 1)$ .
(i) [1] . (3) $(\mathrm{i})-(\mathrm{i}\mathrm{v})$ [4] .
2.4 Hardy
$1\leq p<\infty$ , $\mathcal{H}_{\lambda}^{p}(G/K)$ $F\in A_{\lambda}(G/K)$
$\sup_{a\in A}\varphi_{{\rm Re}\lambda}(a)^{-1}[\int_{K}|F(ka)|^{p}dk]^{1/p}<\infty$ (4)
. $p=\infty$ , $\mathcal{H}_{\lambda}^{\infty}(G/K)$ $F\in A_{\lambda}(G/K)$
$\sup_{a\in A}\varphi_{{\rm Re}\lambda}(a)^{-1}[\int_{K}|F(ka)|^{p}dk]^{1/p}<\infty$ (5)
.
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23 $f\in L^{p}(K/M),$ $F=P_{\lambda}f$ , $||f||_{p}$ (4) ( (5)) .
24 $1\leq p<\infty$ , $F\in \mathcal{H}_{\lambda}^{p}(G/K)$ , $F=P_{\lambda}f$ $f\in$
$U(K/M)$ 1 . $p=\infty$ , $F\in \mathcal{H}_{\lambda}^{\infty}(G/K)$ , $F=P_{\lambda}f$
$f\in C^{*}(K/M)$ 1 .
$\lambda=\rho$ [11] , (3) [10] .
$p=2$ .
2.5
$P_{\ominus}$ $P$ $G$ , $\lambda\ominus$ $P\ominus$ . $B_{\lambda_{\Theta}}(G/P_{\ominus})$ $B_{\lambda}(G/P)$
. \lambda \in a , $B_{\lambda}(\ominus G/P_{\ominus})\subset B_{\lambda}(G/P)$ . Poisson
$B_{\lambda}(\ominus G/P_{\ominus})$ $A_{\lambda}(G/K)$ ,
$N_{\lambda}\ominus$ $A(G/K,N_{\lambda_{\Theta}})$ ,
([9], [7], [6]).
$\mathcal{H}_{\lambda}^{p}\ominus(G/K)=A(G/K,\mathcal{N}\lambda_{\ominus})\cap \mathcal{H}_{\lambda}^{p}(G/K)$ , Poisson
$P\ominus,\lambda\ominus:B_{\lambda_{\Theta}}(G/P_{\ominus})arrow A(G/K,N_{\lambda_{\Theta}})$
, 22 2.4 .
2.6
$U\subset K/M$ , $\mathcal{F}$ $L^{p},$ $C^{m},$ $C^{*},$ $D’$ . $BF(K/M, \overline{U})$ $f\in$
$B(K/M)$ , $V\subset K/M$ $\overline{U}\subset V$ $f|_{V}\in F(V)$
.





(i) $F=L^{p}(1\leq p<\infty),$ $C^{m},$ $D’$ $F$ ,
(ii) $F=L^{\infty},$ $C^{*}$ weak’ topology .
26 $G/K$ 1 . $f\in B\mathcal{F}(K/M, \overline{U})\cap L^{1}(K/M)$ ,
$f|_{U}\in L^{p}(U)$ ,
$\{$
$\sup_{a\in A\dagger}\varphi_{{\rm Re}\lambda}(a)^{-1}[\int_{\tilde{U}}|P_{\lambda}f(ka)|^{p}dk]\frac{1}{\mathrm{p}}<\infty$ ( $1\leq p<\infty$ ),




2.7 , 2.1 $\lambda$ .
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